We formulate in an intuitive manner several conceptual aspects of the field-to-particle transition problem which intends to extract physical properties of elementary particles from specific field configurations. We discuss the possibility of using the conceptual basis of the holographic principle and the mathematical fundaments of nonlinear sigma models for the field-to-particle transition. It is shown that certain classical gravitational configurations in vacuum may contain physical parameters with discrete values, and that they behave under rotations as particlelike objects.
Introduction
Probably, the oldest dream of many generations of physicists has been to find a consistent and simple way for describing the phenomena we observe in nature. Simplicity is in this context an important feature. In all our research proposals we intent to extract the simplest aspects of a phenomenon and to put them as the fundaments for constructing a consistent theory. It is in this connection that physicists today argue that all phenomena in nature should be described by only four types of interactions. One important goal of today's research is to show that in fact we are dealing with probably only one interaction which manifests itself differently at different levels. If this turns out to be true, we will be left with one fundamental interaction which will be responsible for all the physical processes.
General relativity and quantum mechanics can be considered as the most important conceptual cornerstones in the development of physics during the last century. General relativity gave us the possibility to understand the physical phenomena related with the gravitational interaction at the classical level, whereas quantum mechanics gave rise to the development of quantum field theories which describe the fundaments of the weak and strong interactions. The standard model which includes also the electromagnetic interaction constitutes the basis of modern elementary particle physics.
However, in our opinion, in the process of development of the modern physical theories we have been mixing different concepts. On the one hand, we know from experience that two ingredients are necessary in order to construct a realistic model of a physical interaction, namely, fields and matter. In gravity, for example, when we want to describe the gravitational field of a matter distribution, we take an action with a term which contains the field itself and a second term which represents matter. Whereas we know (more or less) from physical and mathematical arguments how to select the correct term that plays the role of field, the term corresponding to matter has to be imposed ad hoc. Matter is an external entity that has to be postulated in accordance with our understanding of its specific properties. The question arises, do we really need to postulate matter in such a rough manner? Of course, we cannot argue that this approach is not correct. In fact, it is one of the best we know, the standard model of elementary particles being an example of its great success. But we can argue that this method is not simple. If our goal is to simplify the way we do physics, we are going in the wrong direction. It is difficult to imagine that at the end of the job, we will have one fundamental interaction with all possible types of matter and all possible types of different properties. Instead, it would be more convenient to end with one fundamental interaction which gives rise (through a variational principle) to many special field configurations, each of them correspond-ing to a different particle or constituent of matter. This dream is known as the field-to-particle transition problem.
It is the aim of this work to present several intuitive ideas about the methods one could apply in order to attack the field-to-particle transition problem. We believe that it is necessary to start with the analysis of old and new ideas in which the tendency to simplicity is inherent. In Section II we will briefly review the main aspects of the recently formulated holographic principle. We will see that the intrinsic aim of the holographic principle is to replace complex physical systems by other simpler systems without loosing information. Section III is devoted to a review of nonlinear sigma models from which we expect to obtain some of the mathematical tools necessary in order to compare different theories in different spaces. A concrete example of classical gravitational field configurations from which particle-like properties can be derived is presented in Section III. We end with a discussion in Section IV.
1.
The holographic principle
The conceptual origin of the holographic principle was settled in the 70's by Bekenstein [1] and Hawking [2] , who formulated the second law of thermodynamics for black holes and the process of particle creation by black holes, respectively. These ideas were implemented in the context of quantum field theories, specially in quantum gravity and cosmology by t'Hooft [3] and Susskind [4] .
The holographic principle is a statement about the counting of the quantum states of a physical system. Let us begin with some intuitive ideas that should clarify the meaning of this statement. Consider a region B of space. No condition is imposed on the topology or geometry of the region B, but for the sake of simplicity one can begin by identifying B with a sphere. Then, let V be the volume of that sphere. Suppose that we introduce in the interior of B an arbitrary physical system so that the region exterior to B is empty. Now consider the space H of states that describe the physical system inside B. One can then ask the question about the dimensionality of the state space H. Obviously, the answer will depend on the physical characteristics of the system. Suppose that it consists of a lattice of spins with spacing d. If the lattice fills entirely the region B, then the maximum number of spins contained in it is V /d 3 . Since each spin can be in two different states, the total number of orthogonal states is 2 V /d 3 and this is also the dimensionality of the state space H. This number also determines the maximum entropy S max of the system which is defined as the logarithm of the total number of states, S max = ln N states = ln dim(H). So, in this example we have that S max = (V ln 2)/d 3 . This counting process and its relation to the maximum entropy of a system is what holography intents to do in a general setting. In our example, no further information can be extracted because we are dealing with a system with a finite number of degrees of freedom and, consequently, the dimensionality of H (Hilbert space) is finite.
The interesting cases are those in which the number of degrees of freedom is infinite as in field theory. To handle this case one has to determine the entropy density s as a function of the energy density ρ of the field. Then S max = s(ρ max )V and the total number of states is N states = exp(S max ). Now suppose that in the region B we have a set of fields sources including gravity. Let A be the area of the boundary ∂B. The maximum mass of the system contained within ∂B cannot exceed the mass of black hole of horizon area A. This is a crucial point. According to our theoretical understanding of field theories, we do not know of any physical system that, being localized within a certain region, could possess a mass greater than that of black hole whose horizon area coincides with the area of the boundary of that region. In other words, black holes are the most massive objects in nature. Now, we know from the second law of black hole thermodynamics that the maximum entropy of a black hole of area A is S max = A/4 (we use Planck units with c = G =h = 1). Consequently, the total number of states has the bound N states = exp(A/4). This is the statement of the holographic principle in this particular case. This simple relationship has deep implications. It relates a quantity in the bulk (N states ) with a different quantity on the boundary (A). On the other hand, it predicts an upper bound for the dimensionality of the state space H. Notice that we did not impose any conditions on the fields and matter distribution which fills B. That is, the fields can be classical or quantum. Both cases have been analyzed in the literature.
In the above description we did not specify the region B and we have freely "inserted" fields into it. However, it is well known that especially relativistic fields affect the topology and geometry of the space where they live. Therefore, one of the main challenges when trying to develop specific examples is to define the region B in accordance with the existing fields. In the case of cosmological models, this has been done for the Friedmann-Robertson-Walker (FRW) spacetime [5] and some classical generalizations [6] . It has been found that the dynamics of the FRW spacetime "in the bulk" is governed by an entropy relationship "on the boundary". This result has been generalized to include different types of quantum corrections [7] . For the case where the fields in B are quantum, the most studied example is that of string theory in B = AdS 5 ⊗S 5 which turned out to be completely equivalent to a Super-Yang-Mills theory on the boundary of the AdS space ∂B = ∂AdS [8] .
We now turn back to the field-to-particle transition problem. First of all, let us mention that this problem is within the conceptual idea of the holographic principle. The internal properties of the field (in the bulk) should become represented by external properties of the particle (on the boundary). Let ϕ 0 be a specific field configuration, which is solution of a classical field theory, that describes the spin of a particle. The total number of states is N states = 2. If we now fill the region where the particle lives with a black hole, then, according with the above discussion, the "area" of the particle is A = 4 ln 2. Up to here, nothing especial seems to happen. However, when we try to analyze the dynamics of this system, we find the problem of the zero-modes [9] . The fluctuations of the field ϕ 0 + δϕ 0 lead to unstable configurations for the elementary particle. This contradicts our daily experience since elementary particles are stable with respect to infinitesimal perturbations. This problem is due to the fact that fluctuations occur in the field, which has an infinite number of degrees of freedom, and affect the particle, a system with a finite number of degrees of freedom. To handle this problem properly and in accordance to the conceptual idea of the holographic principle, one has to follow the following steps: (i) Select the field ϕ, together with its underlying theory, and a specific field configuration ϕ 0 that describes the spin of the particle; (ii) Define the region B in accordance with the geometrical properties of ϕ 0 ; (iii) Find the theory on ∂B and the configurationφ 0 which are the counterparts of the theory in B and the field ϕ 0 , respectively; (iv) Perform a perturbation around the new specific configurationφ 0 + δφ 0 . If the entire procedure works correctly, it could be expected that the configuration "on the boundary",φ 0 , is stable. At the moment, all this is just a speculation. However, we will see in Section III that in the framework of Einstein's gravity one can find a large class of gravitational configurations that show a spin-like behavior.
We think that one of the main obstacles in performing the above procedure is that no exact mathematical tools are known for "going from the bulk to the boundary". In the next Section, we will review a mathematical construction that could help to a better understanding of the difficulties.
Nonlinear Sigma Models
Nonlinear sigma models (NLSM) are an important theoretical laboratory in the framework of field theory, particularly those defined on Riemannian symmetric spaces, which are the integrability condition of the classical theory [11] (they admit an infinite number of conservation laws and are examples of completely integrable field theories). Nonlinear sigma models are, in several ways, closely related to Yang-Mills theories and they have points of resemblance with QCD [12] (in 1 + 1 spacetime, some of these models have asymptotic freedom [13] and instantons [14] ). The Einstein equations for some gravitational fields, for instance axisymmetric fields, Einstein-Rosen gravitational waves, T 3 and S 1 × S 2 Gowdy cosmological models, etc., are related to the equations for nonlinear models in 1 + 1 spacetime [15] . NLSM also appear in string theory and the similarities between the gravitational and sigma fields [16] are enough to make them of interest as toy models for quantum gravity.
Roughly speaking, a NLSM is a field theory of maps between manifolds with the following properties: (a) the fields are subject to nonlinear constraints and (b) the Lagrangian density and the constraints are invariant under the action of a global symmetry (Lie) group G. More precisely [10, 11] , the classical field configurations in such a model are maps φ : B → M , where B is a given base space and M is a given target space. The description "nonlinear" is reserved to those models where the physical fields for all points p ∈ B take values in a (Riemannian) manifold M which is not a linear space. This restriction is to guarantee positivity of the energy in the corresponding NLSM. Since any Riemannian manifold M can be isometrically embedded into a Euclidean vector space E, the Lagrangian density of the model (rewritten in terms of Evalued fields) has to be supplemented by the constraints expressing the fact that the E-valued fields must be restricted to lie on the embedded submanifold M .
In most of these models the global invariance group G acts transitively on M ; here we shall assume that this is indeed the case (thus, M is a Riemannian homogeneous space for G). If H is the stability group of a point m ∈ M , then M can be identified with the space of left cosets G/H (i.e., M = {gH}, g ∈ G).
General methods exist for constructing Lagrangians for these theories, the idea is simply to represent the field configurations of the model not by maps φ from B to M but by maps g from B to G, with φ(x) = g(x)H. Now, the Lagrangian density L in any nonlinear model is a function of g and ∂ µ g, L = L(g, ∂ µ g), that is invariant under the gauge transformation
in such a way that the gauge invariant fields have values in G/H and the Lagrangian density can be regarded as a function of fields with values in G/H.
The construction of L proceeds as follows. Let G be a faithful representation of a compact semisimple Lie group G (global symmetry group) and let {b(ρ)} be a basis for the Lie algebra G of G with the following property: Tr(b(ρ)b(σ)) = δ ρ,σ , where ρ, σ = {1, ...,
[t(α),
[
Let ω be the one-form defined on G with components ω µ (g) = g −1 ∂ µ g which under a gauge transformation of the form (1) transforms as
It is not difficult to see that one can write ω µ as a sum of two terms (actually, projections of ω µ into the Lie algebra H and its orthogonal complement):
where A µ (g) = t(α)Tr(t(α)ω µ (g)) and B µ (g) = s(i)Tr(s(i)ω µ (g)). Accordingly, under a gauge transformation these components behave as
It is worth noticing that we have the structure of a principal fiber bundle (E, B, F, G, Π) with total space E = G, base space B = G/H, fiber F ≃ H, structure group G = H and projector Π :
. By construction all fields lie in G and the physical fields lie in the base space G/H. Due to this structure we have then that the oneform A with components A µ transforms like a gauge potential (for the gauge group H) and therefore it acts as a connection one-form. Thus, from A we can construct the curvature two-form F which under (1) transforms as F ′ = h −1 F h.
The structure of the one-form ω allows us to construct different quantities satisfying the above given requirements to be Lagrangian densities for a NLSM. In particular,
and
where g µν are the components of the given metric tensor on (the spacetime, for example) B, in (local) coordinates x µ , and g its determinant.
If Φ is a gauge invariant field, then we can express it as follows
Since the r.h.s of (10) belongs to G, then
where the fields φ ρ are also physical fields. From Eq.(11) and the normalization property for the generators of G, one can show that the following relationship must hold
It follows from Eq.(12) that the fields φ ρ are subject to a nonlinear constraint and there are [G]−1 independent physical fields. The manifold M is defined by Eq.(12) and, due to the nonlinear character of this constraint, is not a vector space. An interesting case of a NLSM is the so-called harmonic map. Considering x µ as the local coordinates in B, the fields φ b define the original map φ : B → M which is called harmonic if the corresponding Lagrangian (8) or (9) satisfies a minimum action principle. This condition leads to a set of (partial) differential equations in M that, in general, can be made to be related to the field equations of the fields in B. In particular, when the field g µν in B is taken to satisfy Einstein's vacuum equations with two Killing vector fields, the fields φ b in M turn out to satisfy a geodesic equation. Thus, a gravitational field (with the appropriate symmetry) in B is represented by a geodesic in M . This also corresponds to a reduction of the number of degrees of freedom, at least at the level of differential equations, and, accordingly, to a "projection" of a theory in the bulk B to an equivalent theory on the boundary M .
In the context of holography we can proceed as follows. Suppose we have a field living in B and we want to "project" it into its boundary ∂B. If we intend to apply a harmonic map for this projection, we need to look at the case in which the target space M is the boundary of the base space B, i.e., φ : B → ∂B. This is allowed in the construction explained above. The next step is the identification of the target space ∂B with the space of left cosets G/H and the construction of the corresponding Lagrangian density. The details of this construction will vary, depending on the original field and on B itself. In general, one could expect some arbitrariness in the choice of the space of left cosets since for a given boundary space ∂B the choice of the group G that acts transitively on it is not unique. Each selection would lead, in general, to a different Lagrangian density and hence to a different theory on the boundary. It is not clear under which criteria the selection of the "right" theory should be done. One possibility could be to impose some relationships between the field equations in B and the corresponding equations in ∂B.
It is interesting to note that in general a harmonic map does not impose any connection between the base and target spaces. This allows us to analyze specific examples of the holographic principle in which the boundary is not really a boundary in the topological sense. For instance, in the case of string theory in AdS 5 ⊗ S 5 one might think that its boundary is a (8+1)-dimensional space. However, its boundary turns out to be a (3+1) space that coincides with the boundary of the AdS spacetime. All these kinds of possibilities are allowed in the context of harmonic maps.
The intuitive ideas described above about the implementability of the holographic principle and nonlinear sigma models in the context of the field-to-particle transition problem are all based upon the assumption that there are field configurations that emulate physical properties of elementary particles. In the next Section we will show that in fact such configurations exist at the level of classical fields.
3.
The field-to-particle transition problem in gravity
An interesting possibility from the point of view of gravity is to think of an elementary particle as a specific gravitational configuration. The conceptual idea was first proposed by Wheeler [17] , who introduced the term "geon" as an abbreviation for "gravitational-electromagnetic entity", an electromagnetic field configuration which would keep together by its own gravitational interaction having the approximate properties of a particle. In a general sense, a geon is considered today as a special gravitational configuration with a nontrivial topology.
A topological geon as a gravitational field configuration is easy to construct; difficulties arise when we try to obtain a topological geon which reproduces the behavior of a particle. To this end, we could use the great richness of the field of exact solutions to Einstein-Maxwell equations; however, the problem is that there is not a recipe to construct such a geon and, of course, it is not appropriate to apply the method of trial and error with all the possible spacetimes. The real task is to find generic conditions which should be satisfied by spacetimes which are supposed to represent a particle, and then to restrict the analysis only to the subset of solutions to Einstein-Maxwell equations which satisfy those conditions.
One of the first differences that comes to mind between a particle and a gravitational configuration is that the intrinsic properties of a particle, such as mass, charge, and spin are quantized, wile the parameters involved in a gravitational configuration can take values in a continuum. In view of this fact, the consequent question is, how can a configuration with continuous parameters account for an entity with discrete parameters? This is precisely the question we have addressed in a previous work [18] , and we will briefly review our arguments here.
There are different approaches to answer this question. Here, our proposal is to extend Dirac's argument about the quantization of the electric charge [19] to the case of gravitational configurations. Remember that the quantum phase acquired by a charged particle describing a closed path in the presence of a magnetic field can be computed by means of the expression
where B is the magnetic field, q the charge of the particle traveling along a closed loop, and s a surface having the path of the particle as its boundary. It is possible to use different surfaces in Eq.(13) for the same path, and as long as the surfaces are homotopic, the resulting phases will be identically the same. Dirac used the fact that the form of the field of a magnetic monopole allows the construction of non homotopic surfaces with the same boundary, and then, by requiring that the phases computed using two such surfaces be equal, he got to quantize the electric charge.
The key point to notice is that the integral in Eq. (13) is in fact the integral of the electromagnetic tensor F αβ over a spatial surface. Furthermore, from the geometrical point of view of field theory, the electromagnetic tensor is just the curvature associated to the electromagnetic connection. This gives us a clue about how to extend the argument to gravitational configurations. Consider a pseudo-Riemannian manifold (M, g µν ), where g µν is the underlying metric. Then we can introduce a phase-like object
where R is the curvature associated with the metric, namely the Riemann tensor, which is an endomorphism valued two-form (see, for instance, [20] ). Now we will use this object to repeat Dirac's argument in the case of gravity.
The first problem we have is that the components of the Riemann tensor, when understood as an endomorphism valued two-form, are endomorphisms, so they live in the tangent and cotangent spaces to the manifold at the specific point of evaluation. If we perform the integral in (14) just as it appears, we will be adding objects which live in different spaces and this summation will not be justified. What we need is to perform a parallel translation of the endomorphism from the point of evaluation to a specific point where we will say that the integral is based. So instead of Eq. (14) we will use
where H is the holonomy resulting from the parallel transport that depends explicitly on the point of evaluation. Of course there are infinite different paths along which the parallel transport can be done. Therefore, the specific form of H will have to be fixed by using physical arguments [21] . For the moment the important point is that there are some conclusions that can be stated independently of the explicit form of H; the only thing we will require is that it preserves some fundamental symmetries of the curvature. Since H is directly related with the metric and its symmetries, this behavior is not unnatural to be expected.
To repeat Dirac's argument we need to use spacetimes which allow the existence of non homotopic surfaces, for instance, spacetimes with curvature singularities. Moreover, we will restrict our study to vacuum solutions to Einstein equations. For the sake of generality, we consider the Petrov classification [22] of the curvature tensor, and analyze each Petrov type separately. Since the components of the Riemann tensor are endomorphisms which map a four dimensional space into itself, they must have four eigenvalues λ i (i = 1, 2, 3, 4), and it can be shown [18] that for all Petrov types these eigenvalues satisfy the relationships
Furthermore, there are ways to guarantee [18, 21] that the property (16) is preserved by the eingenvalues of the endomorphism obtained by the integral in Eq. (15) . In terms of the eigenvalues of the integral in (15) the phase obtained can be expressed as
where T is a real matrix that describes a coordinate transformation. Let us now consider spacetimes with metrics that are invariant with respect to the change φ → φ + π (in spherical coordinates). This condition is satisfied by a large class of gravitational configurations, for instance, by all the axially symmetric solutions. To perform the calculation of the phase-like object let us consider two non homotopic surfaces with common boundary (this is the case, for example, when a curvature singularity exists between the two surfaces). Using Dirac's argument about the equality of the phases calculated along the two surfaces, we obtain the following conditions for the λ's
where n 1 and n 2 are arbitrary integers. Since the λ's are functions of the parameters of the metric, Eqs. (18) can be considered as relationships similar to those obtained by Dirac. The importance of this result is that we have reached a discretization in the continuum of the parameters that determine the gravitational configuration. The explicit form of these conditions depend on the exact expression for the holonomy H. Nevertheless, the result obtained in Eqs. (18) is quite general because it does not depend on any explicit value of the holonomy. Another interesting result arises when we insert the discrete values (18) in Eq. (17) . It can be shown that the only possible phases are either the identity Φ = 1 4×4 , or an expression different from the identity but whose square, however, becomes the identity Φ 2 = 1 4×4 . If we understand the traveling of an observer around an object as an active diffeomorphism, this is equivalent to a rotation of the object by 2π. Therefore, saying that the phase acquired by such an observer is restricted as we have mentioned above, is equivalent to saying that some of the particles we are modeling are invariant under 2π rotations and others under 4π rotations. This is a surprising result, because the first case corresponds to the behavior of a boson, and the second one to a fermion, being the only options allowed. At the beginning we were not looking for this prediction, but it arose in a natural way when extending Dirac's argument to gravity. It clearly provides another important known characteristic of elementary particles. If we were to consider strictly the bosonic or fermionic nature of these models, we would need to analyze other important conditions such as the stability of this particle-like behavior under fluctuations of the underlying field, that is, the problem of zero-modes mentioned above. A further crucial condition is that imposed by the spin-statistics theorem, that is, the behavior of the model under the interchange of identical particles according to this perspective.
Conclusions
In this work we have reviewed some of the main conceptual aspects of the field-to-particle transition problem. The main goal is to find a different approach to the study of physical systems in which fields and matter are involved. In this approach, matter should not be an external entity that enters the theory in an ad hoc manner. Instead, matter should be an additional field component that arises as a specific field configuration. The first step in this approach is to explore the possibility of reproducing the physical properties of elementary particles from a field configuration.
We have described some introductory aspects of the holographic principle, and we have shown that it can conceptually be used to understand the intrinsic problems of the field-to-particle transition. In particular, the problem of zero-modes could be investigated by specifying an equivalent theory in a different space such that the fluctuations of the field become described by fluctuations of an equivalent entity with a finite number of degrees of freedom. This would help to handle the divergences that appear in the zero-modes.
As the mathematical tool to formulate correctly the field-to-particle transition and the inherent problem of zero-modes, we propose to use nonlinear sigma models. We have described how harmonic maps allow us to project a theory from a space to a different theory in a different space. Although this procedure is quite arbitrary in general, we see this as an advantage for the formulation of apparently different theories which can then be analyzed under additional restrictions in order to find out their physical equivalence.
As an explicit example for a field-to-particle transition, we have analyzed certain gravitational field configurations by using a phase-like object. It was proven that the physical parameters entering these configurations become discretizated when we demand that the phase-like object be equal on two non homotopic surfaces with a common boundary. Additionally, we saw that these configurations behave under rotations either as bosons or as fermions. No other options are allowed! It is interesting that classical field configurations show the fermionic behavior, a property which is usually associated with quantum systems.
The proposals presented in this work are all very rough and have no deep physical explanations. A more detailed investigation will be necessary in order to formulate them in a more consistent manner from the physical and mathematical points of view. They should be interpreted more as a first attempt to formulate questions which bother the authors. However, we consider that these questions have to situated in the conceptual kernel of most modern field theories.
